SUBSTRUCTURE FOR PRODUCT SET IN THE HEISENBERG GROUPS
NORBERT HEGYVARI AND FRANCOIS HENNECART

ABSTRACT. We show that for any sufficiently big semi-brick A of the 1-dimensional Heisen-
berg group H over the finite field F), the 4-fold product set A- A- A - A contains at least

|A|/p many cosets modulo some non trivial subgroup of Hj.

1. Introduction

Let H be the Heisenberg group on the prime field F with p elements and denote by

1 =z =z
[xvyvz]: O 1 Yy ) I7yuz€]F
0 0 1

the elements of H. The product rule in H runs as follows:

[z,y,2) - [2", ¢, 2] =[x+ 2y + v, ay + 2+ 2],
[xvyvz]il = [—SL’, —Y, Ty — Z]‘

The Heisenberg group possesses an interesting structure in which we can prove that in general
there is no good model for a subset A with a small square set A- A (see [2] and also [4]),
unlike for subsets of Abelian group. Here by a good s-model for A we mean a subset A’
of a finite group G’ such that A is s-Freiman isomorphic to A" and |G'| <, i |A’| where
K =|A- A|/|A| is the squaring ratio (see [4] for more details).

The famous Freiman theorem for a given subset A of an abelian group G asserts that
whenever A - A has its cardinality close to that of A, then A has a structure (cf. [3]). In
the non-abelian Heisenberg group H this result is no longer true. Nevertheless under the
stronger condition that |A- A - A| < K|A| with A C H, Tao obtains in [7] a structure result
for such subsets A. As a dual problem in the Heisenberg particular situation, we can ask the
following question: is it true that for a not too small subset A of H, the product set A- A

necessarily contains some non-trivial substructure of H 7
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2 SUBSTRUCTURE FOR PRODUCT SET

A related question emerged in SLy(F) in [6] (see also [1]) where it is proved that under
some condition on A C SLy(IF), namely A is a not too big generating subset of SLy(F), one
has |A- A- Al > |A]'*e.

Nevertheless, the structure or even the size of the square set A - A cannot be handled in
general. We will restrict our attention to subsets that will be called semi-bricks: for U C [F?

and Z C F we define the so called semi-brick A in H by
A = {[x,y, z] such that (z,y) € U, z € Z}.

For denoting this set we simply write A = U x Z. According to this notation we have
H=TF>xF and [z,y,F] = {(x,y)} x F.

We may eventually expect that if A is a sufficiently big brick in H, that is a subset of the
form (X xY) x Z, then A- A contains a substructure formed by a rich collection of cosets
modulo the subgroup [0,0,F]. In fact we proved in [5] such a result in the n-dimensional
Heisenberg group when n is large enough, namely n > 5. Moreover for any arbitrary big
subset A of H, we also have a rich substructure for the 6-fold product set A = A-A4-A-A-A-A
(see [4]). In what follows we focus on semi-bricks.

Our main result is the following.

Theorem 1. Let A = U x Z be a semi-brick in H. If |A| > 273p%/3 then the four-fold

product set A-A-A- A contains at least |U| (1 — ﬁ%) cosets of the type [z, y,F].

This theorem will be proved in the last section, based on some partial results shown in

the second section.

2. Preliminary results
2.1. For a = [ay, as, as), b = [by, by, b3] and ¢ = ¢y, ¢a, c3] we have the product rule
abca™ = [by + c1, by + 2, b3 + 3+ ay(by + ca) — az(by + 1) + bicy).

We fix a semi-brick A = U x Z in H and a subset A = U x Z of A being also a semi-brick
in H ; it means that U C U. In order to show that A- A - A- A~ contains many cosets
of [0,0,F] we will restrict our consideration to elements of this product set of the particular
form abca™ with a € A, b,c € A. For fixed z,y,t we denote by R(z,y,t) the number of
solutions to the system

[z,y,1] = abca™, a € A, b,c € A.
In the sequel A = A will be a natural choice but we shall see in the concluding section that

a more appropriate choice for A will help us to obtain our main result Theorem 1.



SUBSTRUCTURE FOR PRODUCT SET 3

It is then obvious that R(z,y,t) is the number of solutions to the equation

t = b3 —+ C3 =+ a1y — asx + (bly — blbg),

(a17a2) € [77 <b17b2) € Vx,y7 63,03 € Z7

where x = by +¢1, y=by+cpand V, , = U N ((z,y) — U).
Letting e,() = exp(2imd/p), one has

(1) R(x,y,t Z Z €p (T(bg + c3 + a1y — asx + byy — biby — t))

T (a1, ag)EU
(b1 bg)EVz y
(bg,cs)GZ2

We let
U Vel Z)?

Az,y) = max )

R(z,y,t) —

after observing that w is the contribution of r = 0 in the right-hand side of (1).

Then

Z \Z(r) Z e <r(a1y — asx + by — b1b2)> ‘

T?'EO (ahag)EU
(b1,b2)EVz,y

Z|Z DEVel| 32 ep(rlay - azn)|

7”750 (a1,a2)€U
<|Z|Vaylmax | 2 e (r(ay - axr) )|
(a1,a2)€U

by Parseval inequality.
In this section we assume that rU = U for any r # 0. Then the sum in the right-hand

side does not depend on r. Hence in this case

(2) DAy <|Z1) Vil

ep (00— ast)|

(a1,a2)eU

and by Cauchy-Schwarz

3) ;A(x,y)<|Z|(;|Vx,y|2) (Z S ey {(en— - (@_aé)x>>1/2

.Y (a1,a2)€ cU
(ah,a5)€ €U

By the definition of V, ,, one has |V, ,| < |U| hence

(4) D Vel SNUIY Wiyl = UP,
x?y I7y
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and that the last sum in the right-hand side of equation (3) is equal to p*|U|. Hence

> Alz,y) < plZ||UPPIO1M.
x7y
If for any x,y, there exists t = t(x,y) such that R(z,y,t) = 0 then
U\ Va1 Z|?
Aoy > 101IV=ul2]
p

and we would have R
UV, .1 Z1? ~
2 : | || ];yH | < p’Z‘|U‘3/2|U‘1/2

which implies
UNUP1Z* < p*Z|[U 2012,

One gets a contradiction if |U||U]|Z|*> > p* or equivalently |A||A] > p*.
We thus have proved the following partial result.

Proposition 2. Let A= U x Z a semi-brick in H and assume that A is at the same time a
subset of A and a semi-brick A = U x Z such that rU = U for any r € F\{0}. If|A||A| > p*
then A-A-A- A" contains a coset [z,y,F].

2.2. We will now modify our argument in order to avoid the strong assumption rU = U,

r # 0. From equation (3) and (4), one gets

ZA(w’y) <|Z||U[P? x ( max Z ep(?“((@h —ay)y — (as — a'z)x)))m

z,y z,y (a1,a2)€U

Then by replacing the maximum on 7 # 0 by the summation on any r # 0 we get

ZA(%@/><|Z||U|3/“< 2.2 pr( aa>y—<a2—ag>x>)>l/2

T,y Y T7£0 (a1,a2)
(a1, ‘12) v

where the factor 1/2 comes from the fact the modulus of a single term in the summation
over 1 # 0 is the same as the modulus of its conjugate. By interchanging the sum on x,y
and the sum on r we easily deduce in the same way as in the previous section
ZIUP2((p = 2|02 p*2|Z||U 2|02
Z Az < .
V2 V2

As above we conclude that we cannot have A(z,y) > U1V 11217

(5)

for any x,y if
VR|U\UP|Z)? = p°2|Z)| U2 02,

Hence the following result
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Proposition 3. Let A = UxZ a semi-brick in H and assume that A = UxZ is a semi-brick

which is a subset of A. If 2|A||A| > p® then A- A-A- A~ contains a coset [z, 1, F].

By letting E := Zx’y |V,.,|? the energy of the set U which already appeared in (4), we
showed in fact that if A- A-A- A~ does not contain any coset [z, y, F] then v2|U||U]?|Z|* <
p°/2| Z|EY?|U|Y2. Hence

20U J*| 2|
o p > A0WLIZE,
p

Instead of the simple deviation max;

R(x,y,t) — M‘ it could provide an advantage
to consider the following quadratic mean value

- 2

Ul|VeullZ]?

o(z,y) = Z (R(:B,y,t) _ UlVey 12 )
P p
and o = > o(r,y). We now assume that for any z,y there is at least one ¢ such that
R(x,y,t) = 0. Then by (6)
UP|z|*

02— 5

2AUPU | Z)°
> .
D 7

p

(7) B

On the other hand

O’(l'7 y) - zt: <219 Z Z €p(7”(a1y — aox + byy — biby + b3 + c3 — t)))

r#0 (a1 ,az)Eﬁ
(blabQ)GVz,y
b3,c3€Z

SIS (Y et a)( (b = b)) (3 eylris )

r#0  (a1,a2)€U (b1,b2)EVay bs,c3EZ

after developing and summing on ¢. Hence

o) < SN 1260 F elrlany - aar)

p r#0 (al,az)EU

Since |V,,| < |U| we obtain by developing the square of the sum over (a;,a2) and summing

over x and y

(8) o <plUPIUNY " 1Z0)|* < p?*IUPIU|Z)°.
r#0
Together with (7), we get
21U R|U A 2| -
| | |7| | | <p2|U|2|UHZ|3.

We thus have slightly improved Proposition 3:

Proposition 4. Let A = UxZ a semi-brick in H and assume that A = Ux Z is a semi-brick

which is a subset of A. If 2|A?|A|? > p°|Z| then A- A-A- A~ contains a coset [z, 1, F].
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We could take A = A in Proposition 3. This does not imply that A* contains a coset and
does not give any lower bound for the number of such cosets. We will treat these questions

in the next section.

3. Proof of the main result

Here we assume that A is a semi-brick satisfying the hypothesis of Theorem 1.

3.1. By the averaging argument there exists an [xq, yo, 20| such that

(9) }Aﬁ (A1 [:I:o,yo,zo])| > |;1—3’2

Let U the image of the intersection A N (A7Y - [w0, 90, 20]) by the projection on the first two
coordinates and write A = U x Z. Clearly U C U and

Al2
AN (A7 (2o, Y0, 20]) C A and ‘A| > |p|

We apply Proposition 3 to A and A C A. It follows that if 2|A|* > p® then A- A A- A1
contains a coset [z,y,F] hence A - A- A- A=V [zq, 0, 20] contains a coset [z + xo,y + Yo, F.
But

A-A-A-AYxg,yo,20) CA-A-A- A Yz, y0,20) CA-A-A-AC A,

hence the following proposition.

Proposition 5. Let A = U x Z a semi-brick in H. If 2'3|A] > p33 then A-A-A- A

contains a coset [x1,yy, F].

3.2. We keep the notation of the preceding paragraph. Let S be the set of pairs (z,y) such
that there exists t with R(x,y,t) = 0. Then for those x,y
Ul|VaullZ)?
A g) > [IVesl1ZF
p
Denote by S the complementary set of S in F2. Then by (5)

|(7||V$y||Z|2 3/2|Z||U|1/2|U|3/2
s Az, y) < Az .
Z P Z Y) Z V2

(z,y)eS (z,y)eS

Since
Z |Vrry| = Z ’ny‘ - Z |Vx,y’ = |U‘2 - Z ’ny‘
(z,y)€S (x,y)€S (z,y)€S
and |V, ,| < |U|, it follows that

U|IS] > |U|Q—M = |UJ? (1— P )
V2| Z||U V2 V2| Z||U2|U |2
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= _ 4] p° |N( pt )
Sl>—11-— - > — |1 - —
51> 17 Al ) =12\ e

since |A| > |A]2/p®.
This completes the proof of Theorem 1.

Hence

3.3. We assume here that A is such A- A- A - A does not contain any coset [z,y,F]. By

Proposition 4 and the arguments of subsection 3.1, we infer
(10) 2AP|AP < p°|Z]

where A is any set of the kind A = U’ x Z, U" is the projection on the first two coordinates of
some A" (A" - [20, Y0, 20]) With A’ C A. With the choice of A that we made in subsection

3.1, we get
(11) 204" < p"*|2].

Hence the more |Z| is small, the more the above condition is sharp. Now from (6) we obtain

p5

?7
where K is defined by K = |U|*/E and E denotes the energy of the set U. With the same

(12) 24||4] <

selection of A we obtain

8
P
13 21A]P < =
() |’<K7

When K is big this condition becomes stronger and on the other hand for small K we could
apply the Balog-Szemerédi-Gowers Theorem (see [8, pages 78-79]). We infer that there is an
absolute constant C' > 1 (C' = 5 is an admissible value) and two subsets U’, U” of U such
that

|U'|,|U"] > K YU| and |U' +U"| < K°|U]|.

We write A :=U'"xZ C Aand A" .= U" x Z C A. Arguing as in subsection 3.1, we deduce
that there exists [z(, yj, 2] € A" - A” such that

[ A'[|A”]
|A/_A//"

|A N (Ail ’ [$6ay67 26])| > |A” N (A/_l ’ [x6’yévzl/)])’ >

Letting A = AN (A" - [x), 9}, z5]) and noticing that A’ - A” C (U’ + U") x F one deduces
|A] > K~C72A||Z|/p. Hence by (10), |A|*|Z| <« K2“*+*p''. Multiplying this inequality
together with (11) we get the condition |A['* < K2+4p? namely

|A|5 < Kc+2p13.
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Together with (13) we may eliminate the parameter K: this gives
|A|11+3C < p29+807

hence

| A| < po+8C)/(1143C)

We may notice that the exponent grows in the interval (%, %) when C ranges from 0 to infin-
ity. This provides an improved version of Proposition 5 which plainly yields a corresponding

slight improvement on Theorem 1. Letting C' =5 we get the following result.

Proposition 6. Let A = U x Z a semi-brick in H. If |A| > p%/?6 then A-A-A- A contains

at least one coset [x,y, F].

3.4. From Theorem 1 we obtain that for A = U x Z with |A| > 271/3p%/3 the product set A*
contains at least |A|/p many different cosets [z,y, F] if | Z| < p/2. If |Z| > p/2then Z4+Z =F
and it is not hard to conclude to the same result since in this case A - A = 2U x F plainly
contains at least [2U| > |U| > |A|/p many cosets [z, y, F]. Indeed for any [u,v,t] € 2U x T,
it is possible to find (z,y) and (2/,y') both in U such that v = z + 2’ and v = y +y'. We
then select z, 2’ € Z such that z + 2’ =t — xy/, which is possible by our extra assumption

Z+ Z =T. Finally [z,y,z] - [/,y, 2] = [u,v,t] with [x,y, 2], [2/, ¢/, 2] € A as requested.

3.5. By considering the semi-brick A = U xF, with |U| > p°/? we observe that A* = 4U xF
hence A% is the union of |4U| cosets [z, y, F]. With U = I x F where I is an interval in F, one
has [4U| = 4|U| — 3. Hence A* is the union of 4|U| — 3 many cosets modulo the subgroup
[0,0,F]. Thus according to Theorem 1 we can ask the question of finding the optimal number
of cosets of [0,0,F] contained in A* where A = U x Z is a semi-brick which is big enough.
By the above discussion, this number is less than 4|U| — 3 and bigger than (1 —¢€)|U]| at least
for p*/3 /213 < A| < pPn.

Acknowledgement. The authors warmly thank the anonymous referee who pointed out that

our Propositions 3 and 5 could be refined by Propositions 4 and 6.
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